Abstract. In this paper, we study the properties of potential function of the translating soliton M in R n+1 and the volume growth of the intersection of Euclidean balls with M. We give a condition to obtain the Bernstein theorem for the translating solitons. We also give an outline of a simple proof of the Bernstein theorem due to Bombieri-De GiorgiMiranda.
Introduction
In this note£we study the Bernstein theorems for translating solitons. By definition, an n-dimensional hypersurface M n in the Euclidean space R n+1 is called a translating soliton if it is a solution of mean curvature flow X t = H(X) = ∆ M X (of hypersurfaces) in R n+1 obtained by moving along the fixed direction −a ∈ S n ⊂ R n+1 . Then the translating soliton equation under consideration is H =< ν, a > where H is the mean curvature of M, < ., . > is the inner product in R n+1 , and ν is the unit outward normal to M. Recall that the mean curvature vector field of M in R n+1 isH = −Hν and H = div(ν) and ∆ M is the Laplacian operator on M in the induced metric. We always assume that M is properly immersed in R n+1 and is complete with respect to the induced metric. It is well-known that the n-plane (with the vector a ∈ R n+1 in it), the Grim Reaper Γ × R n−1 with Γ = {(x, y) ∈ R 2 ; y = − log cos x, x ∈ (−π/2, π/2)}, and the paraboloid soliton (also called "Bowl soliton") obtained by AltschulerWu [1] are translating solitons (see also [10] and [6] for uniqueness result).
We define the potential function S (X) =< X, a > for the position vector X ∈ M as in [8] . Below ∆ M is the Laplacian operator defined by induced Riemannian metric on M and ∇S is the gradient of the function S (X) on M. Then it is well-known thatH = ∆ M X. As in [8] we have
We denote by B R = B R (0) = {X ∈ R n+1 , |X| < R} for 0 ∈ M. A difficult problem in the study of the translating soliton is to control the volume growth of M B R . Define
We remark that a related concept γ 2 has been introduced in L.Karp [7] . Then we have the following extension of a result in [8] . Recall that in the graph case, we have ν = (−Du, 1)/ 1 + |Du| 2 and
).
By standard computation we know that the unit normal vector field ν on the hypersurface M ⊂ R n+1 satisfies the equation
Sometimes we write by ∇ = ∇ M . Since H =< ν, a > on the translating soliton M and ∇ M H = ∇ e j He j for the local orthonormal moving frame {e j } on M, we have for any nontrivial constant vector b ∈ R n+1 ,
where II = (h i j ) := (< ∇ i ν, e j >) is the second fundamental form of M in the local frame (e j ). Using this and the log-trick (see [5] ) we can get the following result for general solitons. 
After presenting a proof of Proposition 3, we outline a simpler proof of the famous Bernstein theorem due to Bombieri-De Giorgi-Miranda [3] . Their results states as below.
Theorem 4. If M is a minimal surface defined by the entire function u = u(x)
, where x ∈ R n with the assumption
is uniformly bounded on R n for some vector b
then u is linear, that is to say, M is plane.
Concerning with the area growth about the graphic translating solitons, we have the following general fact, which is more or less well-known to experts. It is quite possible to extend our result here to the expanding soliton defined by H = − < ν, X >, on M. In fact, we can follow the argument of Theorem 2.1 and Cor. 2.3 in M.Anderson [2] to prove the following result. Since the argument of Proposition 6 just goes as in the same way as in Cor. 2.3 [2] via a use of well-known compactness result and an epsilon regularity for expanding solitons, we omit the full detail. This fact was observed by us with Dr.Anqiang Zhu. We expect that with the assumption of finite total curvature, i.e., M |A| n dv g < ∞, the structure of the expanding soliton (M, g) should be as good as minimal immersions.
arguments of Propositions and Theorems 1 and 5
We may assume 0 ∈ M. Proof of Theorem 1: (1). We argue by contradiction. That is, there exists a positive number sequence {R j } with R j → ∞ such that
Let φ R (X) be a cut-off function defined on B R (0) and φ R (X) = 1 on B R/2 (0). Then we have
as R → ∞. Then H = 0 and < ν, a >= 0 on M. This implies that |∇S (X)| = 1 on M, which is impossible by the result in [8] .
(2). We may use Theorem 2.3 in [7] . Note that the geodesic ball of radius R at center 0 is always contained in B R (0) M, our condition implies the condition γ 2 ≤ γ < ∞ in there. Here γ 2 is defined in p.450 in [7] . Note that
We let w = e −S . Then we have
By the convexity of the hypersurface M in R n+1 , we know that RicM ≥ 0 on M. Hence we can apply Cor. 2.2.2 in [7] 
. By our assumption, we know that the Ricci curvature of M is uniformly bounded below so that the Omori-Yau maximum principle holds true on M. That is there is a point sequence (x j ) in M such that
We remark that the proof of Proposition 1(4) can also be used to prove the conclusion [8] By the Liouville theorem we know that w is a constant function so that S is a constant function on M, which is impossible.
Proof of Proposition 2: We argue by contradiction, i.e., inf M S > −∞. We may assume that H 0 somewhere in M. For otherwise, it follows from the well-known Bernstein theorem [5] that M is a hyperlane and then inf M S = −∞. As we have assumed, M is a graph defined the function z = u(x) on the domain Ω ⊂ R n . Recall that 
which implies that for any R > R 0 > 0,
However, by our assumption,
This gives a contradiction to (1) when R large.
Proof of Proposition 3:
By the strong maximum principle we may assume (ν, b) > 0 on M. Since M has the finite total curvature, we have the quadratic area growth, which is well-known to experts and may be due to many people, see the works of Cohn-Vossen, M.Anderson, and B.White [9] [5]. Recall that ∆ M ν + |A| 2 ν = ∇H, on M. Applying Proposition 1 (2) we conclude that either inf M S = −∞ or sup M S = ∞. This completes the proof of Theorem 5.
